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SCHIFFER’S CONJECTURE, INTERIOR
TRANSMISSION EIGENVALUES AND INVISIBILITY
CLOAKING: SINGULAR PROBLEM VS.
NONSINGULAR PROBLEM
HONGYU LIU
Abstract. In this note, we present some connections between
Schiffer’s conjecture, interior transmission eigenvalue problem and
singular and non-singular invisibility cloaking problems of acoustic
waves.
1. Schiffer’s conjecture
Schiffer’s conjecture is a long standing problem in spectral theory,
which is stated as follows:
Let Ω ⊂ R2 be a bounded domain. Does the existence of
a nontrivial solution u to the over-determined Neumann
eigenvalue problem
−∆u = λu in Ω, λ ∈ R+,
∂u
∂n
= 0 on ∂Ω,
u = const on ∂Ω,
(1.1)
imply that Ω must be a ball?
The problem is equivalent to the Pompeiu’s problem in integral ge-
ometry. A domain Ω ⊂ R2 is said to have the Pompeiu property iff
the only continuous function ϕ on R2 for which
∫
σ(Ω)
ϕ(x, y) dxdy = 0
for every rigid motion σ of R2 is ϕ(x, y) = 0. It is shown in [1] that
the failure of the Pompeiu property of a domain Ω is equivalent to
the existence of a nontrivial solution to (1.1). We refer to [21] for an
extensive survey on the current state of the problem.
For our subsequent discussion, we introduce the following theorem
on the transformation invariance of the Laplace’s equation, whose proof
could be found, e.g., in [7, 9, 14].
Theorem 1.1. Let Ω and Ω˜ be two bounded Lipschitz domains in RN
and suppose that there exists a diffeomorphism F : Ω → Ω˜. Let u ∈
1
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H1(Ω) satisfy
∇ · (g(x)∇u(x)) + λq(x)u(x) = f(x) x ∈ Ω,
where g(x) = (gij(x))2i,j=1, q(x), x ∈ Ω are uniformly elliptic and g
is symmetric, and f ∈ L2(Ω). Then one has that u˜ = (F−1)∗u :=
u ◦ F−1 ∈ H1(Ω˜) satisfies
∇ · (g˜(y)∇u˜(y)) + λq˜(y)u˜(y) = f˜(y), y ∈ Ω˜,
where
F∗g(y) =
DF (x) · g(x) · (DF (x))T
|det(DF (x))|
∣∣∣∣
x=F−1(y)
,
F∗q(y) =
q(x)
|det(DF (x))|
∣∣∣∣
x=F−1(y)
, x ∈ Ω, y ∈ Ω˜,
(1.2)
and
f˜ =
(
f
| det(DF )|
)
◦ F−1,
and DF denotes the Jacobian matrix of the transformation F .
Next, let u and Ω be the ones in (1.1) and suppose there exists a
diffeomorphism
F : Ω→ Ω˜.
Further, we let
g˜ = F∗I and q˜ = F∗1. (1.3)
Then, according to Theorem 1.1, if one lets v = (F−1)∗u, we have
∇ · (g˜∇v) + λq˜v = 0 in Ω˜,
2∑
i,j=1
nig˜
ij∂jv = 0 on ∂Ω˜,
v = const on ∂Ω˜.
(1.4)
Hence, it is natural to propose the following generalized Schiffer’s con-
jecture:
Let (Ω; g, q) be uniformly elliptic and symmetric. Does
the existence of a nontrivial solution to
∇ · (g∇u) + λqu = 0 in Ω, λ ∈ R+,
2∑
i,j=1
nig
ij∂ju = 0 on ∂Ω,
u = const on ∂Ω.
(1.5)
3imply that there must exist a diffeomorphism F such
that
F : B → Ω, B is a ball,
and
g = F∗I and q = F∗1?
Definition 1.2. Let (Ω; g, q) be uniformly elliptic. Then, it is said
to possess the Pompeiu property if the corresponding over-determined
system (1.5) has only the trivial solution.
Later in Section 3, we shall see that the Pompeiu property of the
parameters (Ω; g, p) would have important implications for invisibility
cloaking in acoustics.
2. Interior transmission eigenvalue problem
Let (Ω; g1, q1) and (Ω; g2, q2) be uniformly elliptic and symmetric such
that
(g1, q1) 6= (g2, q2).
Consider the following interior transmission problem for a pair (u, v)
∇ · (g1∇u) + λq1u = 0 in Ω,
∇ · (g2∇v) + λq2v = 0 in Ω,
a11u+ a22v = 0 on ∂Ω,
a21
2∑
i,j=1
nig
ij
1 ∂ju+ a22
2∑
i,j=1
nig
ij
2 ∂jv = 0 on ∂Ω,
(2.1)
where A = (aij)
2
i,j=1 ∈ C(∂Ω). If there exists a nontrivial pair of solu-
tions (u, v) to (2.1), then λ is called a generalized interior transmission
eigenvalue, and (u, v) are called generalized interior transmission eigen-
functions.
The interior transmission eigenvalue problem arises in inverse scat-
tering theory and has a long history in literature (cf. [3, 5]). It was first
introduced in [4] in connection with an inverse scattering problem for
the reduced wave equation. Later, it found important applications in
inverse scattering theory, especially, for the study of qualitative recon-
struction schemes including linear sampling method and factorization
method (see, e.g., [10]).
We would like to emphasize that the one (2.1) presented here is a
generalized formulation of the interior transmission eigenvalue problem
that has been considered in the literature.
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3. Transformation optics and invisibility cloaking
In recent years, transformation optics and invisibility cloaking have
received significant attentions; see, e.g., [2, 6, 7, 19] and references
therein. The crucial ingredient is the transformation invariance of the
acoustic wave equations, which is actually Theorem 1.1. Let’s con-
sider the well-known two-dimensional cloaking problem for the time-
harmonic acoustic wave governed by the Helmholtz equation (cf. [8,
12, 20])
∇ · (g∇u) + ω2qu = fχB1 in B2, (3.1)
where ω ∈ R+ is the wave frequency, g is symmetric matrix-valued
denoting the acoustical density and q is the bulk modulus. In (3.1),
the parameters are given as
(g, q) =
{
ga, qa in B1,
gc, qc in B2\B1,
(3.2)
and f ∈ L2(B1). In the physical situation, (gc, qc) is the cloaking
medium which we shall specify later, and (ga, qa, fa) is the target object
including a passive medium (ga, qa) and an active source or sink fa.
The invisibility is understood in terms of the exterior measurement
encoded either into the boundary Dirichlet-to-Neumann (DtN) map
or the scattering amplitude far-away from the object. To ease our
exposition, we only consider the boundary DtN map. Let
u = ϕ ∈ H1/2(∂B2) (3.3)
and define the DtN operator by
Λc(ϕ) =
2∑
i,j=1
nig
ij
c ∂ju ∈ H
−1/2(∂B2).
We also let Λ0 denote the “free” DtN operator on ∂B2, namely the
DtN map associated with the Helmholtz equation (3.1) with g = I and
q = 1 in B2. Next, we shall construct (gc, qc) to make
Λc = Λ0. (3.4)
To that end, we let
F (x) =
(
1 +
|x|
2
)
x
|x|
, x ∈ B2\{0}
It is verified that F maps B2\{0} to B2\B1. Let
gc(x) = F∗I =
|x| − 1
|x|
Π(x) +
|x|
|x| − 1
(I −Π(x)), x ∈ B2\B1,
5and
qc(x) = F∗1 =
4(|x| − 1)
|x|
, x ∈ B2\B1,
where Π(x) : R2 → R2 is the projection to the radial direction, defined
by
Π(x)ξ =
(
ξ ·
x
|x|
)
x
|x|
,
i.e., Π(x) is represented by the symmetric matrix |x|−2xxT . It can
be seen that gc possesses both degenerate and blow-up singularities at
the cloaking interface ∂B1. Hence, one need to deal with the singu-
lar Helmholtz equation (3.1)–(3.3). It is natural to consider physically
meaningful solutions with finite energy. To that end, one could intro-
duce the weighted Sobolev norm (cf. [16])
‖ψ‖g,q =
∣∣∣∣∫
B2
(
gij∂jψ∂iψ + ω
2qψ2
)
dx
∣∣∣∣1/2 . (3.5)
It is directly verified that for ψ ∈ E (B2)
‖ψ‖g,q <∞ iff
∂ψ
∂θ
∣∣∣∣
∂B1
= 0,
where E (B2) denotes the linear space of smooth functions in B2, and
the standard polar coordinate (x1, x2)→ (r cos θ, r sin θ) in R
2 has been
utilized. Hence, we set
T
∞(B2) :=
{
ψ ∈ E (B2);
∂ψ
∂θ
∣∣∣∣
∂B1
= 0
}
,
and
T
∞
0 (B2) := T
∞(B2) ∩D(B2),
which are closed subspaces of E (B2). Then, we introduce the finite
energy solution space
H1g,q(B2) := cl{T
∞(B2); ‖ · ‖g,q}, (3.6)
that is, the closure of the linear function space T ∞(B2) with respect
to the singularly weighted Sobolev norm ‖ · ‖g,q.
(3.4) is justified in [16] by solving (3.1)–(3.3) in H1g,q(B2). Particu-
larly, it is shown that w = u|B1 ∈ H
1(B1) is a solution to
∇ · (ga∇w) + ω
2qaw = fa in B1,
w|∂B1 = const,∫
∂B1
∑
i,j≤1
nig
ij
a ∂jw ds = 0.
(3.7)
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In order to show the solvability of (3.7) by using Fredholm theory, it is
necessary to consider the following eigenvalue problem

∇ · (ga∇w) + ω
2qaw = 0 in B1,
w|∂B1 = const,∫
∂B1
∑
i,j≤1
nig
ij
a ∂jw ds = 0.
(3.8)
We let R(ga, qa) denote the set of solutions to (3.8). Clearly, (3.7) is
uniquely solvable iff fa ∈ R(ga, qa)
⊥. If (3.8) possess nontrivial solu-
tions, then one cannot cloak a source f ∈ R(ga, qa) since in such a
case, (3.7) has no finitely energy solution, and such a radiating source
would break the cloaking. Next, we note the close connection between
the (3.8) and the generalized Schiffer’s conjecture (1.5). According to
Definition 1.2, it is readily seen that if the target medium parameters
(B1, ga, qa) fails to have the Pompeiu property, then (3.8) has nontrivial
solutions. That is, one would encounter the interior resonance problem
for the invisibility cloaking discussed above. But we would also like
to note that the system (3.8) arising from invisibility cloaking is still
formally determined, whereas (1.5) of the generalized Schiffer’s con-
jecture is over-determined. The connection discussed above between
the singular cloaking problem and Schiffer’s conjecture is natural when
one is curious in whether and how such spherical cloaking design is
generalized to other shaped cloaked domain.
In order to avoid the singular structure of the perfect cloaking, it is
natural to incorporate regularization into the context and consider the
corresponding approximate cloaking. Let
Fε(x) =
(
2(1− ε)
2− ε
+
|x|
2− ε
)
x
|x|
, ε ∈ R+,
which maps B2\Bε → B2\B1 and let
gc = (Fε)∗I and qc = (Fε)∗1. (3.9)
Now, we consider the nonsingular cloaking problem (3.1)–(3.3) with
(gc, qc) given in (3.9). Let uε denote the corresponding solution in this
case. The limiting behavior of uε as ε→ 0
+ was considered in [11, 18].
In order to justify the near-cloak of the regularized construction, the
7following eigenvalue problem arose from the corresponding study,
∆w = 0 in R2\B1,
∇ · (ga∇w) + ω
2qaw = 0 in B1,
w+ = w− on ∂B1,
∂w+
∂n
=
∑
i,j≤2
nig
ij
a ∂jw
− on ∂B1.
(3.10)
It is shown in [18] that if (3.10) has only trivial solution, then uε|R2\B1
converges to the “free-space” solution, whereas uε|B1 converges to u
implied in 
∆w = 0 in R2\B1,
∇ · (ga∇w) + ω
2qaw = fa in B1,
w+ = w− on ∂B1,
∂w+
∂n
=
∑
i,j≤2
nig
ij
a ∂jw
− on ∂B1.
(3.11)
Otherwise, if (3.10) has nontrivial solutions forming the set W , then it
is shown that if fa ∈ W , then the cloaking fails as ε→ 0
+. Now, let’s
take a more careful look at the eigenvalue problem (3.10). By letting
z = x+ iy and using the conformal mapping F : z → 1/z, we set v =
w+◦F with w+ = w|
R2\B1
. One can verify directly that w|B1 ∈ H
1(B1)
and v ∈ H1(B1) satisfy the following generalized interior transmission
eigenvalue problem
∆v = 0 in B1,
∇ · (ga∇w) + ω
2qaw = 0 in B1,
v − w = 0 on ∂B1,
∂v
∂n
+
∑
i,j≤2
nig
ij
a ∂jw = 0 on ∂B1.
(3.12)
From our earlier discussions in this section, one can see that the in-
visibility cloaking construction is very unstable, especially when there
is interior resonance problem. Hence, in order to overcome this in-
stability, cloaking schemes by incorporating some damping mechanism
through the adding of a lossy layer between the cloaked and cloaking
regions have been introduced and studied recently, see [9, 13, 15]. But
it is interesting to further note that for cloaking design with a lossy
layer, one may encounter eigenvalues in the complex plan, i.e., poles.
In fact, it is numerically observed in [17] for the cloaking of electromag-
netic waves, the cloak effect will be deteriorated when the frequency is
close to the poles.
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